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Abstract. We give efficient formulas to evaluate isogenies of ordinary
elliptic curves over finite fields of characteristic 2, extending the odd-
characteristic techniques of Hisil–Costello and Renes to binary fields. For
odd prime degree ℓ = 2s + 1, our affine product evaluation computes
the image x-coordinate using 5sM field multiplications, or 4sM when
the kernel points are normalized. We derive an inversion-free variant
that evaluates the x-map in projective and twisted Kummer coordinates,
allowing carried points to remain projective across successive isogeny steps.
Over F2511 , microbenchmarks show that the inversion-free projective and
twisted variants are faster than Vélu-style x-evaluation when outputs are
kept in projective/twisted form, while the affine one-inversion variant is
about 4.2× faster.
Keywords: Isogeny-based cryptography – Binary elliptic curves – Kum-
mer lines

1 Introduction

Elliptic curves have become ubiquitous in cryptography since their introduction
forty years ago [23, 17]. They underpin a wide range of pre-quantum construc-
tions, from encryption schemes to digital signatures and beyond. However, the
advent of large-scale quantum computers threatens the security of these systems:
Shor’s algorithm solves the underlying discrete logarithm problem in polynomial
time [32], motivating the search for post-quantum alternatives that remain secure
against quantum adversaries.

Isogeny-based cryptography recycles elliptic curves to provide a basis for
post-quantum cryptosystems. Important examples include the NIST signature
standardization candidate SQISign [1] and the key exchange CSIDH [8]. These
schemes are based on the evaluation of isogenies—morphisms of elliptic curves—
and their efficiency critically depends on the efficiency of general elliptic curve
arithmetic. This subject is thoroughly developed in odd characteristic, with
standard models such as Montgomery curves [24] (or equivalently twisted Edwards
models [5]) and efficient isogeny formulas [15, 27].

The characteristic-2 (binary) setting has an extensive literature on efficient
computations on single curves: fast arithmetic formulas are available [35, 18, 26],
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and point counting is significantly faster in characteristic 2 [20]. However, general
isogeny computations over binary fields have not yet been optimized. The lack of
fast binary isogeny formulæ has proven a bottleneck in early investigations of
binary isogeny-based cryptography [2]. Our work aims to fill this gap.

1.1 Explicit isogeny computations

Let E/Fq be an elliptic curve. Given any finite Fq-rational subgroup G ⊂ E , there
exists an elliptic curve E/G over Fq and a separable isogeny φ : E → E/G over
Fq with kernel G. Both E/G and φ are only defined up to Fq-isomorphism.

“Isogeny computation” generally refers to one of the following three problems:

Problem 1 (Isogeny codomain curve). Given E/Fq and an Fq-rational finite
subgroup G ⊂ E , compute a curve EG/Fq such that EG ≃ E/G over Fq.

Problem 2 (Isogeny evaluation). Given E/Fq, an Fq-rational finite subgroup G ⊂
E , and points P1, . . . , Pn in E(Fq), compute the coordinates of φ(P1), . . . , φ(Pn)
where φ : E → E/G is a quotient isogeny.

In isogeny-based cryptosystems, the points P1, . . . , Pn in Problems 2 and 3
are often bases of torsion subgroups that will be used to derive generators of
kernels of further isogenies away from the codomain curve.

For many applications (especially in isogeny-based cryptography), it is enough
to work on the associated Kummer line E/ ± 1, or more concretely, with x-
coordinates only. The Kummer line does not have a group structure, but it is still
possible to compute scalar multiplication efficiently with the Montgomery ladder
[24], using doubling and differential addition formulas—that is, formulas that
compute x(P + Q) given x(P ), x(Q) and x(P − Q). For isogeny formulas, we
look for the x-coordinate of the image given the x-coordinate of the base point.

Problem 3 (x-only isogeny evaluation). Given E/Fq, an Fq-rational finite sub-
group G ⊂ E , and values x1 = x(P1), . . . , xn = x(Pn) in Fq for P1, . . . , Pn on E ,
compute x(φ(P1)), . . . , x(φ(Pn)) where φ : E → E/G is a quotient isogeny.

Remark 1. Problems 2 and 3 do not require knowledge or computation of an
equation for the quotient curve E/G (that is, a solution to Problem 1). In fact, if
we can solve Problem 2 for a few points Pi, then we can easily solve Problem 1
by interpolating the curve equation through the φ(Pi). Likewise, for Weierstrass
models, we can solve Problem 1 by solving Problem 3 on the x-coordinates of
the 3-torsion or the 2-torsion (in odd characteristic).

Any isogeny φ defined over Fq can be easily factored into the composition of

1. a scalar multiplication;
2. a purely inseparable isogeny (i.e., some Frobenius isogeny); and
3. a series of separable isogenies of prime degree, all defined over Fq.
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For scalar multiplication Problem 1 is vacuous, and there is a vast literature on
efficient scalar multiplication (i.e., solving Problems 2 and 3). All three problems
are near-trivial for Frobenius isogenies (Galois conjugation gives the codomain
curve and point images).

In the case of separable prime-degree isogenies, however, Problems 1, 2, and 3
become interesting. All three can all be solved using Vélu’s formulae [36], which
assume a rational generator for G. A more general version of Vélu appears in [19,
§2.4], where G is presented as the kernel polynomial fG(x), i.e. the minimal
polynomial such that fG(x(Q)) = 0 for all Q ≠ 0 in G. Both versions of Vélu’s
approach require O(ℓ) Fq-operations, where ℓ is the prime degree of the isogeny.

The formulæ of [36] are additive, in the sense that they express the symmetric
functions defining the rational maps of the isogeny as sums, with each term
corresponding to an element of G. The formulæ in [19, §2.4], attributed to Vélu,
are derived from the same additive definition but are rewritten in terms of the
kernel polynomial ψG(x) (and its derivatives), yielding explicit expressions for
xG and yG. Equivalently, instead of describing Vélu’s equations in terms of the
coordinates of the points of G, Kohel formulates them in terms of a generator of
the ideal sheaf of G; thus, constructing the isogeny reduces to producing a single
generator polynomial for that ideal sheaf (namely ψG).

Hisil and Costello [15] observed that these formulæ can be evaluated more
efficiently when written in multiplicative form: that is, as a product of linear terms,
each corresponding to an element of G. These expressions are particularly simple
for odd ℓ on Montgomery models of elliptic curves (in odd characteristic), where
they can exploit the near-diagonal action on coordinates of translation by the
special 2-torsion point (Renes [27] gives a detailed exposition of the theory and
some generalizations). Using this idea, they showed significant practical speedups
for Problem 3—while maintaining the same O(ℓ) asymptotic complexity—in the
case where G has an Fq-rational generator. This O(ℓ) can be reduced to Õ(

√
ℓ)

Fq-operations (at least when q is odd) using the Vélusqrt algorithm [6]. In a
different direction, if the generator of G is only defined over an extension of Fq

then we can exploit Galois structures to reduce the cost of the Hisil–Costello
formulae using the method of [3].

In the Couveignes–Rostovtsev–Stolbunov (CRS) framework and its refine-
ments [10, 30, 11], isogeny evaluation is performed repeatedly to push forward
points along chains, so the overall performance is often dominated by the cost
of these evaluations. Over binary fields F2m , however, the available odd-degree
isogeny formulas are essentially specialized Vélu formulas, which are not designed
to be optimal for x-only arithmetic or for inversion-free projective workflows.
This drives the development of F2m-specific isogeny evaluation formulas that
reduce multiplications and, crucially, better support projective (and twisted)
coordinates for point pushforward.
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1.2 Contributions

We work with ordinary binary elliptic curves in the form

E : y2 + xy = x(x2 + ax+ b2),

with a, b ∈ F2m and b ̸= 0. Any ordinary curve over F2m is isomorphic to such a
curve (as we will see in §4, isogenies in the binary supersingular case are easy to
deal with). A key feature of this model is that the unique non-trivial 2-torsion
point is normalized to T = (0, 0), and translation by this point is particularly
simple; the resulting symmetry gives faster curve arithmetic. Further, the points
of order 4 above T have rational x-coordinate b, which allows some simplifications
when working on the Kummer line in twisted coordinates (X̃ : Z̃) := (bZ : X).

First, we extend the product-style viewpoint of Renes to characteristic 2
(Theorem 2), obtaining a multiplicative formula for the x-coordinate map of
odd-degree isogenies that is naturally compatible with projective computation.
For odd prime degrees ℓ, we instantiate the required auxiliary point outside
the kernel using the non-trivial 2-torsion point T , which is always available on
ordinary curves in this model.

Second, specializing to E and exploiting the explicit translation-by-T structure,
we derive concrete projective evaluation formulas for the x-map (Propositions 3
and 4). These formulas avoid inversions during the kernel-product loop and,
crucially, allow carrying Kummer coordinates (X :Z) (or twisted (X̃ : Z̃)) across
successive steps. We provide an explicit operation-count analysis for x-evaluation
as a function of ℓ, with and without kernel-point normalization. In particular, while
we compute codomains using Vélu-style formulas (to benefit from normalization
of kernel points across steps), the evaluation itself is performed inversion-free in
projective/twisted form. The resulting costs are summarized in Table 1.

Finally, to complement the operation-count model, we report microbench-
marks of our evaluation formulas. We implement the competing methods and
time the computation of x(φ(P )) for randomly sampled inputs P , averaging over
many repeated calls per prime degree ℓ (and over multiple random kernels) to
reduce measurement noise; full details are given in Section 81.

2 Arithmetic in binary fields

Throughout this paper, we work over the binary field F2m . We will need a few
elementary facts on arithmetic in F2m . The first is that every element has a
unique square root, given by

√
x = x2

m−1

.

1 Our implementation is available for download from https://gitlab.inria.fr/
gsouzaba/iso_binary.
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Table 1: Cost of evaluating an ℓ-isogeny on the level of Kummer lines (for odd ℓ),
in F2m-operations, with s = (ℓ − 1)/2. Normalizing kernel points (scaling one
coordinate to 1) adds a precomputation of 3(s− 3)M+ 1I (see §7.1), but this
cost can be amortized over many evaluations of the same isogeny. The cost of
generating the kernel points (which, similarly, can be amortized over several
isogeny evaluations) is not counted here. M, S, m0, and I are defined in §2.3.

Kernel points
Coordinates not normalized normalized Proof

Projective 5sM+ 2S+ (2 + s)m0 4sM+ 2S+ 3m0 Prop. 3
Twisted projective 5sM+ 2S 4sM+ 2S Prop. 4

2.1 The trace map

The Frobenius automorphism π : x 7→ x2 generates the Galois group of F2m/F2.
The trace is the linear map Tr : F2m → F2 defined by

Tr(x) :=

m−1∑
i=0

πi(x) =

m−1∑
i=0

x2
i

for x ∈ F2m .

By definition, Tr ◦π = π ◦ Tr, so Tr(x)
2
= Tr(x2) = Tr(x).

Lemma 1. There exists an element ε in F2m such that Tr(ε) = 1. In particular,
if z is a generator of F2m (so F2m = F2(z)), then we can take ε = zi for some
0 ≤ i < m.

Proof. The trace is a homomorphism (of F2-vector spaces) into F2 = {0, 1}, but is
not identically zero (because F2m/F2 is finite and separable; see e.g. [34, Lemma
0BIL]), so it is surjective. If Tr(zi) = 0 for every 0 ≤ i < m, then by F2-linearity
the trace would be zero everywhere, a contradiction; hence Tr(zi) = 1 for some
0 ≤ i < m. ⊓⊔

Definition 1. For any binary field F2m , we fix an element ε such that Tr(ε) = 1
as in Lemma 1. (If m is odd, then we can take ε = 1.)

2.2 Solving quadratic equations

We will need to solve quadratic equations ax2 + bx+ c = 0 over F2m , with a ̸= 0
[14, § 1.4]. There are two cases:

1. If b = 0 then there is one solution, namely
√

c
a .

2. Otherwise, setting y = ax
b , the equation is equivalent to y2 + y = δ with

δ = ca
b2 . Since Tr(y) = Tr(y2):

– If Tr(δ) = 1, then the equation has no solution.
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– Otherwise, Tr(δ) = 0. Fixing ε ∈ F2m such that Tr(ε) = 1, the two
solutions to the quadratic equation are H(δ) and H(δ) + 1, where

H(δ) :=

m−1∑
i=0

i∑
j=0

ε2
j

δ2
i

.

In particular, if m is odd, then we can take ε = 1 and H(δ) is the
half-trace

H(δ) =

(m−1)/2∑
i=0

δ2
2i

.

Following Pornin’s notation [26], we let QSolve(δ) denote one solution to the
equation x2 + x = δ + εTr(δ), i.e. QSolve(δ) = H(δ + εTr(δ)).

These operations have negligible cost compared to multiplication, since they
are linear. Once an F2-basis of F2m is fixed, it is enough to pre-compute the
corresponding F2-matrix and then apply the linear operation. For example: if
x =

∑510
i=0 xiz

i in F2511 = F2[z]/(z
511 + z10 + 1), then Tr(x) = x0 + x501.

2.3 Field operations

We use the following notation for elementary operations in F2m :

– M denotes the cost of a generic field multiplication.
– S denotes the cost of a field squaring; in characteristic 2, squarings are

typically much cheaper than multiplications (for example, see [21, Tab. 2],
where squarings are 5 to 7 times faster than multiplications).

– m0 is the cost of multiplication by a curve constant; we count m0 separately
from M since curve parameters can sometimes be chosen so that these con-
stants admit faster multiplication. However, in isogeny-based cryptographic
applications the curve parameter is usually out of our control, so m0 = M.

– I denotes the cost of a field inversion.

3 Binary elliptic curves

In this section, we recall some facts on elliptic curves, their Kummer lines, and
isogenies over binary fields F2m .

3.1 Weierstrass equations and the Kummer line

Every elliptic curve E/F2m can be defined by a Weierstrass equation

E : y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6 (1)

with a1, a2, a3, a4, and a6 in F2m . We note that a1 and a3 cannot both be 0
(otherwise the curve is singular). We also work with the projective model

E : Y 2Z + a1XY Z + a3Y Z
2 = X3 + a2X

2Z + a4XZ
2 + a6Z

3 ,
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which is related to the affine model by x = X/Z, y = Y/Z.
The curve E has a natural geometric group law where the point at infinity

0E = (0 : 1 : 0) is the neutral element. (We will not need the general addition
formulae here, but they can be found in [33, Alg. III.2.3]). The negation map

[−1] : (x, y) 7−→ (x, y + a1x+ a3)

(with 0E 7→ 0E) fixes precisely the points in the 2-torsion subgroup E [2].
The quotient of E by the action of [−1] is the Kummer line E/⟨±1⟩, which

is isomorphic to the projective line P1. The projection E → E/⟨±1⟩ ≃ P1 is
defined by P = (XP : YP : ZP ) 7→ x(P ) = (XP : ZP ) when ZP ̸= 0, and
0E = (0 : 1 : 0) 7→ (1 : 0).

The Kummer line does not have a group law, but the scalar multiplication
x(P ) 7→ x([n]P ) is well-defined, and can be computed with the Montgomery
ladder (see [24] and [9], and in particular [25] for the ladder on binary curves).
This relies on two operations:

– Differential addition, denoted xADD: given x(P ), x(Q) and x(P −Q), compute
x(P +Q);

– Doubling, denoted xDBL: given x(P ), compute x([2]P ).

We will study several models of binary elliptic curves and their associated Kummer
lines.

Remark 2. In [28, 29] Robert and Sarkis studied these operations on Kummer
lines extensively in odd characteristic to derive isogeny formulas, and Kummer
lines more generally in [4] along with Barbulescu. Unfortunately, their construction
does not extend to characteristic 2 because it relies on having four 2-torsion
points, which is never the case for binary elliptic curves.

3.2 Isomorphisms

Proposition 1. If E and E ′ are Weierstrass models over a binary field F2m

with coordinates (x, y), (x′, y′) and constants ai, a′i respectively, then every iso-
morphism E → E ′ corresponds to a tuple (u, r, s, t) in F4

2m with u ̸= 0 such
that

x = u2x′ + r and y = u3y′ + u2sx′ + t

and

– ua′1 = a1;
– u2a′2 = a2 + sa1 + r + s2;
– u3a′3 = a3 + ra1;
– u4a′4 = a4 + sa3 + (t+ rs)a1 + r2;
– u6a′6 = a6 + ra4 + r2a2 + r3 + ta3 + t2 + rta1.

Proof. See [33, Prop. III.3.1b, Tab. III.3.1].
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We will often refer to an isomorphism via the tuple (u, r, s, t). In particular, when
a1 ̸= 0, we can always reduce to the form

y2 + xy = x3 + ax2 + b

with a, b ∈ F2m and b ≠ 0. The j-invariant of this model is 1/b, so a only controls
the quadratic twist.

3.3 2-torsion of binary elliptic curves

As mentioned above, the negation map

[−1] : (x, y) 7−→ (x, y + a1x+ a3)

(with 0E 7→ 0E) fixes precisely the points in the 2-torsion subgroup E [2]. There
are two possibilities:

– If a1 = 0, then the only fixed point is 0E , so E [2] = {0E} ≃ 0; the curve E is
supersingular.

– If a1 ̸= 0, then [−1] has two fixed points: 0E and

T := (xT , yT ) where

{
xT := a3/a1 ,

yT :=
√
x3T + a2x2T + a4xT + a6

(the square root exists in F2m , and is unique, because F2m has characteristic 2).
We say E is ordinary.

Suppose E is ordinary, and let T be the unique 2-torsion point defined above.
The translation-by-T map on E is defined on x-coordinates by

xP 7−→ xP+T =
xTxP + a1yT + a4

xP + xT
.

for all P ̸= 0E , T . There are exactly two 4-torsion points above T , namely T̃ and
−T̃ = T̃ + T . Their shared x-coordinate is

xT̃ =
√
a1yT + a4 .

(Note that xT̃ is always F2m-rational.)

Example 1. The case a3 = 0 is very useful for us. There, T = (0,
√
a6) and

xP+T =
a4 + a1

√
a6

xP
, (2)

so the x-coordinate of the 4-torsion points satisfies xT̃ = (a4 + a1
√
a6)/xT̃ , so

xT̃ =
√
a4 + a1

√
a6 . (3)
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3.4 Curve models with 2-torsion

In this section, we will focus on models for ordinary curves. The most basic is

y2 + xy = x3 + a2x
2 + a6 (4)

where a2, a6 ∈ F2m , and a6 ̸= 0. To ease computations and have more efficient
formulas, we can consider isomorphisms from Proposition 1 to change the model
of the curve. Ultimately, we want to derive model-preserving isogeny formulæ,
since (especially for cryptographic applications) we want to compute chains of
isogenies between the same kind of curves.

The map (x, y) 7−→ (x, y +
√
a6) takes us from the curve of Eq. (4) to the

following model studied by Kohel [18] and Pornin [26]:

E : y2 + xy = x(x2 + ax+ b2) (5)

with a = a2 and b = a
1/4
6 ∈ F2m , moving the 2-torsion point to (0, 0). It is

important to note that this isomorphism doesn’t change the x-coordinate, so
applying it is cost-free at the Kummer line level.

The j-invariant of this model is 1/b4: once again a only controls the quadratic
twist, so we can reduce to the two curves

E0 : y2 + xy = x(x2 + b2) and E1 : y2 + xy = x(x2 + εx+ b2) (6)

where ε ∈ F2m is an element of trace 1 (as in Definition 1). Starting from Eq. (5),
the isomorphism given by (u, r, s, t) = (1, 0,QSolve(a), 0) goes to ETr(a).

The 2-torsion on E0 and E1 is generated by T = (0, 0) (this will be convenient
in Sections 5 and 6), and by Eq. (3) the two points of order 4 above T have
x-coordinate b.

– On E0, the points of order 4 are T̃ = (b, 0) and −T̃ = (b, b): in particular,
they are rational, so E0[4] = E0[4](F2m) = {0E , T, (b, 0), (b, b)}.

– On E1, the points of order 4 are T̃ = (b, bω) and −T̃ = (b, bω + b) where
ω ∈ F22m satisfies ω2 + ω = ε: in particular, these points are irrational, so
E1[4](F2m) = {0E , T} and E1[4] = E1[4](F22m) = {0E , T, (b, bω), (b, b(ω + 1))}.

The twisting isomorphism E0 → E1 is (x, y) 7→ (x, y + bω) over F22m .

Remark 3. Kohel [18] actually looks for normal forms in characteristic 2 similar
to Edwards normal forms by studying their symmetries. His Z/4Z- and split
µ4-normal forms are in the form E0 for some b ∈ F2m . These are a special case
of binary Edwards curves in the sense of [7], which provide complete addition
formulas for any ordinary elliptic curve.

3.5 Arithmetic on Kummer lines

Kummer-line arithmetic relies on the two operations

xADD :
(
(XP : ZP ), (XQ : ZQ), (XP−Q : ZP−Q)

)
7−→ (XP+Q : ZP+Q) (7)

xDBL : (XP : ZP ) 7−→ (X[2]P : Z[2]P ) (8)
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We will now provide explicit formulæ for Kummer arithmetic on each of our
curve models so that the article is self-contained. When counting operations, we
implicitly use the identity

AB + CD = (A+ C)(B +D) +AD +BC (9)

to compute sums of products using 3M instead of 4M.

Kohel–Pornin models. The Kummer operations on the curve E of Eq. (5) is
defined by

xADD :

{
XP+Q = XP−Q(XPZQ +XQZP )

2
+ ZP−Q(XPZQ)(XQZP )

ZP+Q = ZP−Q(XPZQ +XQZP )
2 (10)

which can be performed in 6M+ 1S, and

xDBL :

{
X[2]P = (XP + bZP )

4

Z[2]P = (XPZP )
2

(11)

which can be performed in 1M+3S+1m0. A full step of the Montgomery ladder
then costs 7M + 4S + 1m0. These are the formulæ used by Pornin [26, §5.4].
They were originally derived by López and Dahab [21, Eqs. (8)-(9)] for the model
of Eq. (4) with a2 = a and a6 = b4; the isomorphisms from this curve to E0 and
E1 do not change the x-coordinate, so the xADD and xDBL formulæ for all these
curves are the same.

Remark 4. In contexts where we stay on the same curve and the same base
point is re-used as P − Q in xADD, it makes sense to normalize ZP−Q to 1, so
multiplication by ZP−Q is free. In some cases, we can even choose XP−Q to be
small, so multiplications by XP−Q cost less than M. But we cannot make these
assumptions when chaining isogenies across different curves, so in this paper we
count multiplications by XP−Q as generic M (and the same for ZP−Q, when it
is not normalized to 1).

Stam’s model. Stam [35, § 3.2], provides alternative formulas with fewer multipli-
cations by projective coordinates of P −Q on the curve

E : y2 +
1

b
xy = x3 + ax2 + b2 (12)

with b ̸= 0. The Kummer operations for this model are defined by

xADD :

{
XP+Q = ZP−Q(XPXQ + ZPZQ)

2 ,

ZP+Q = XP−Q(XPZQ +XQZP )
2 ,

(13)

which can be computed in 5M+ 2S, and

xDBL :

{
X[2]P =

(
b(X2

P + Z2
P )

)2
,

Z[2]P = (XPZP )
2 ,

(14)

in 1M+ 3S+ 1m0, for a total ladder-step cost of 6M+ 5S+ 1m0, beating the
López–Dahab formulas. Kohel’s split µ4-normal form achieves the same operation
count [18, Cor. 26].
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Twisted Stam coordinates. If we want to go to a curve shaped as in Eq. (5), we
can consider the isomorphism given by (u, r, s, t) = (1/b, 0, 0, b), mapping E to

E ′ : y′2 + x′y′ = x′
(
x′2 + ab2x′ + b4

)
= x′

(
x′2 + aβx′ + β2

)
with β = b2. The x-coordinate is modified by the isomorphism x 7→ x′ := b2x =
βx, which suggests using twisted coordinates as we will see below. First, consider
the xADD and xDBL formulas on E ′, losing 3m0 on xADD, where x′ = X/Z:

xADD :

{
XP+Q = β2ZP−Q(XPXQ + (βZP )(βZQ))

2

ZP+Q = XP−Q(XP (βZQ) +XQ(βZP ))
2 (15)

and

xDBL :

{
X[2]P = (X2

P + β2Z2
P )

2

Z[2]P = (XPZP )
2

(16)

Gaudry–Lubicz models. Gaudry and Lubicz studied Kummer lines [13, § 6.1]
in characteristic 2 using the theta group theory and algebraic theta functions.
Based on their work, Karati then proposed a concrete binary Kummer line [16],
associated to the curve

E : y2 + xy = x3 + b4.

It is isomorphic to E0 via (u, r, s, t) = (1, 0, 0, b2), hence it has full rational 4-
torsion. Given that the x-coordinate is not changed, if we have formulas on E
then we will have formulas for E0 too.

Gaudry and Lubicz gave formulas for their Kummer line which are the same as
Stam’s from Eqs. (13) and (14). This is no surprise, Karati [16, § 2.2] introduced
a twisted coordinate (X̃ : Z̃) := (bZ : X), or in an affine version x̃ := b/x. This
corresponds – up to an inverse — to the x-coordinate on an associated Stam
curve (Eq. (12)). Also, with these formulas, if T is the non-trivial 2-torsion point,
then xP+T = b2/xP implies that x̃P+T = 1/x̃P .

The formulas for xADD and xDBL with twisted coordinates — derived from
Eqs. (13) and (14) — are then as follows:

xADD :

{
X̃P+Q = Z̃P−Q(X̃P Z̃Q + X̃QZ̃P )

2

Z̃P+Q = X̃P−Q(X̃P X̃Q + Z̃P Z̃Q)
2 (17)

and

xDBL :

{
X̃[2]P = (X̃P Z̃P )

2

Z̃[2]P = b(X̃2
P + Z̃2

P )
2 (18)

The cost of a complete step is still 6M + 5S + 1m0. We will see in the next
section that using twisted coordinates is also convenient isogeny-wise as it saves
some multiplications by the curve constant b, hence we will include those in our
comparisons.
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Remark 5. Karati has a slightly different approach, he first introduces the same
formulas as in Eqs. (13) and (14) as the xADD and xDBL formulas [16, Tab. 1],
just as Gaudry and Lubicz did. He then explains in Section 2.3 how to correct
those to get a functional scalar multiplication by correcting by a 2-torsion
point. In particular, the map π̂−1 maps a point P = (X : · : Z) ∈ E/ ± 1 to
(X : bZ) = (Z̃ : X̃). Therefore, his Equation (9) can be read as{

(Z̃2·P : X̃2·P ) = xDBL((Z̃P : X̃P )),
(Z̃P+Q : X̃P+Q) = xADD((Z̃P : X̃P ), (Z̃Q : X̃Q), (Z̃P−Q : X̃P−Q)),

where xDBL and xADD correspond to his formulas from Table 1. This yields the
formulas from Eqs. (17) and (18).

The idea of using twisted coordinates was also used by Pornin [26, § 3, § 5.4],
although putting formulas from Eqs. (10) and (11) in twisted coordinates adds a
multiplication by b at each step of the ladder.

4 The supersingular case

The case of supersingular binary curves is particularly simple, because there is
essentially only one such curve—so all isogenies are isomorphic to, or at worst
twists of, endomorphisms. The endomorphism ring can easily be made explicit
for this curve, so all isogeny computations can be reduced (via isomorphisms and
twists) to sums of scalar multiples of automorphisms.

Consider the curve E : y2 + y = x3. Write F4 = F2(ω), where ω2 + ω + 1 = 0
(i.e., ω is a primitive 3rd root of unity). Over F4, the automorphism group of E is

Aut(E) = ⟨α, β, γ, [−1]⟩ ,

where

– [−1] : (x, y) 7→ (x, y + 1) is the usual negation map;
– α : (x, y) 7→ (ωx, y) has order 3;
– β : (x, y) 7→ (x+ 1, y + x+ ω2) has order 4;
– γ : (x, y) 7→ (x+ ω, y + ω2x+ ω2) has order 4;
– β2 = γ2 = [−1], βγ = [−1]γβ, and βα = αγ.

In particular, α does not commute with the 2-power Frobenius endomorphism π2
(we have π2α = −απ2), so End(E) is not commutative, and E is supersingular.
Indeed, End(E) is a quaternion algebra (see [33, Thm. V.3.1a]), generated by the
automorphisms above. In particular, any endomorphism of E can be written as a
Z-linear combination of these automorphisms.

Proposition 2. An elliptic curve E/F2m is supersingular if and only if j(E) = 0,
if and only if E is isomorphic over F2m to the curve defined by y2 + y = x3.

More specifically, if tE = 2m + 1−#E(F2m) (i.e. tE is the trace of Frobenius),
then the possible values for tE , and the number of F2m-isomorphism classes of
curves with that trace, are the following:

12



– tE = 0: 1 isomorphism class.
– tE = 2m/2 (only if m is even): 2 isomorphism classes.
– tE = −2m/2 (only if m is even): 2 isomorphism classes.
– tE = 2(m+1)/2 (only if m is odd): 1 isomorphism class.
– tE = −2(m+1)/2 (only if m is odd): 1 isomorphism class.
– tE = 2(m+2)/2 (only if m is even): 1 isomorphism class.
– tE = −2(m+2)/2 (only if m is even): 1 isomorphism class.

Proof. See [22, § 3.4–3.6, Tab. 3.4].

The upshot is that if φ : E1 → E2 is an isogeny of supersingular curves over
F2m , then φ = τ−1

2 ◦ ψ ◦ τ1 where τ1 : E1 → E and τ2 : E2 → E are isomorphisms
(possibly defined over an extension) and ψ is an endomorphism of the curve E
above; so the isogeny φ can be efficiently computed as a Z-linear combination of
the generators of End(E).

5 2-isogenies of ordinary binary curves

Let φ : E → E ′ be an isogeny of binary curves. Writing deg(φ) = 2rm for some
r ≥ 0 and odd m, we can factor φ into the composition of an m-isogeny and
a series of 2-isogenies. For binary curves, 2-isogenies are particularly simple to
handle, so we will deal with them first before developing algorithms for the
odd-degree isogenies in §6.

Up to isomorphism, there are only one or two 2-isogenies from a binary curve
E . The first, and most fundamental, is the 2-power Frobenius π : (x, y) 7→ (x2, y2);
if E is supersingular, then this is the only 2-isogeny.

If E is ordinary, then there is also the quotient isogeny with kernel ⟨T ⟩. We
start by presenting the normalized isogeny for the general ordinary Weierstrass
model.

Example 2. If E is defined by a Weierstrass model y2+xy = x3+a2x
2+a4x+a6,

then the distinguished 2-torsion point is T = (0,
√
a6) and the quotient curve is

E/⟨T ⟩ ≃ E ′ : v2 + uv = u3 + a2u
2 +

√
a6u+ (a6 + c)

where c = a4 +
√
a6, and the normalized isogeny φ2 : E → E ′ is defined by

φ2 : (x, y) 7−→ (u, v) where

{
u = (x2 + c)/x ,

v = y(u/x) +
c(x+

√
a6)

x2 .

The induced map of Kummer lines is (XP : YP ) 7→ (X2
P + cZ2

P : XPZP ).

For the optimized curve models, we compose the normalized 2-isogeny with
a suitable isomorphism to get a 2-isogeny φ : E → E ′ where E ′ is presented in
the same special model. In each of Examples 3, 4, and 5, the 2-power Frobenius
isogeny π2 maps E ′ back into E , and in fact π2φ2 = [2]E . Indeed, in each case,
composing the Kummer-line map with Frobenius gives the corresponding xDBL
formula.
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Example 3. On the Kohel and Pornin model E : y2 + xy = x(x2 + ax+ b2), the
distinguished 2-torsion point is T = (0, 0). We have a 2-isogeny

φ2 : E → E/⟨T ⟩ ≃ E ′ : v2 + uv = u(u2 +
√
au+ b)

defined by

(x, y) 7−→ (u, v) where

{
u = (x2 + b2)/x ,

v = y(u/x) +
√
au+ bx+b2

x .

The induced map on Kummer lines is (XP : ZP ) 7→ ((XP + bZP )
2 : XPZP ).

Example 4. On the Gaudry–Lubicz model E : y2+xy = x3+b4, the distinguished
2-torsion point is T = (0, b2) and we have a 2-isogeny φ2 : E → E/⟨T ⟩ ≃ E ′ :
y2 + xy = x3 + (

√
b)4 defined by

(x, y) 7−→ (u, v) where

{
u = (x2 + b2)/x ,

v = y(u/x) + b2(u+ 1)/x .

The induced map on Kummer lines is (XP : ZP ) 7→ ((XP + bZP )
2 : XPZP ).

Example 5. On the Stam model E : y2+ 1
bxy = x3+ax2+ b2, the 2-torsion point

T is (0, b), and the 2-isogeny φ2 : E → E ′ : y2 + 1√
b
xy = x3 +

√
a+ b is defined by

(x, y) 7−→ (u, v) where

{
u = b(x2 + 1)/x ,

v =
√
b
[
y(u/x) + (

√
a+ b)(u/x) + (

√
ab+ 1)/x

]
.

The induced map on Kummer lines is (XP : ZP ) 7→ (b(XP + ZP )
2 : XPZP ).

6 Odd-degree isogenies of ordinary binary curves

We first recall the classic Vélu formulæ [36], specializing them to characteristic 2
and odd-degree isogenies.

In the following, G is a subgroup of odd degree ℓ of an ordinary elliptic curve
E/F2m : y2 + a1xy + a3y = x3 + a2x

2 + a4x+ a6. (In practice ℓ is prime, but the
results in this section hold for composite odd ℓ.) We choose a subset S ⊂ G such
that G = S ⊔ (−S) ⊔ {0}, and let s = #S = (ℓ− 1)/2.

There exists a separable isogeny

φ : E → E ′ : y2 + a′1xy + a′3y = x3 + a′2x
2 + a′4x+ a′6

∼= E/G

with kernel G. Our goal in this section is to give explicit formulæ for rational
functions φx and φy defining a normalized quotient isogeny

φ : (x, y) 7−→ (φx(x), φy(x, y))

and for the coefficients a′i defining its codomain curve E ′.
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It is known that the rational functions φx and φy satisfy

φx(P ) =
∑
Q∈G

x(P +Q)− x(Q) and φy(P ) =
∑
Q∈G

y(P +Q)− y(Q)

with the convention that x(P ) − x(0E) = x(P ) and y(P ) − y(0E) = y(P ). In
general

φy = cyφ′
x(x) + ψx(x)

for some c ∈ F2m and function ψx in F2m(x) with

2ψx(x) = −a′1φx(x)− a′3 + c(a1x+ a3)φ
′
x(x) , (19)

(see [12, Thm. 9.7.5]), which in characteristic 2 reduces to

φ′
x(x) = (a′1φx(x) + a′3)/(c(a1x+ a3)) . (20)

The isogeny is normalized if c = 1.

Theorem 1 (Vélu). With the notation above: Let

gy := a1x+ a3

and set

σ1 :=
∑
Q∈S

gy(Q) , σ2(x) :=
∑
Q∈S

gy(Q)

(x+ xQ)
2 , and σ3(x) :=

∑
Q∈S

g2y(Q)

(x+ xQ)
3 .

Then there is a normalized isogeny φ : E → E ′ with kernel G where E ′ has
a-invariants

(a′1, a
′
2, a

′
3, a

′
4, a

′
6) = (a1, a2, a3, a4 + a1σ1, a6 + (a21 + a3)σ1)

and φ is defined by the rational map by (x, y) 7→ (φx(x), φy(x, y)) with

φx = x+ gy · σ2(x)

and

φy = y + gy · σ3(x) +
∑
Q∈S

[a1y + a1gy + x2Q + a4

(x+ xQ)2

]
.

Proof. These are the formulæ of [36, § 3], specialized to characteristic 2 (and odd
isogeny degree), with substantial algebraic simplifications. ⊓⊔

Theorem 1 expresses the Kummer-line map φx as sum of quotients via σ2(x),
which is well-suited to computations in affine coordinates but not projective ones.
Instead, we will use Theorem 2, which is an analogue of Hisil and Costello’s
formula for Montgomery curves in odd characteristic [15, Thm. 1].
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Theorem 2. With the notation above: If T ∈ E(F2m) \G, then

φx(x)− φx(xT ) = α(x+ xT )
[ ∏
Q∈S

x+ xQ+T

x+ xQ

]2
for some α ̸= 0 in F2m .

Proof. We adapt the proof of Renes [27, Thm. 1] to characteristic 2. We have

φx(x) = x+
∑
Q∈S

gy(Q)(a1x+ a3)

(x+ xQ)
2 .

Let G∗ := G \ {0E}, so G∗ = S ⊔ (−S), and write

v(x) =
∏

Q∈G∗

(x+ xQ) and vR(x) =
∏

Q∈G∗

Q̸=±R

(x+ xQ) for each R ∈ S .

Now vR(x)(x+ xR)
2
= v(x) (because xR = x−R), so

φx(x) =
1

v(x)

[
xv(x) +

∑
Q∈S

gy(Q)(a1x+ a3)vQ(x)
]
=
w(x)

v(x)

with degw = #G.
Setting h(x) = w(x)v(xT ) + w(xT )v(x), we have h(xT ) = 0, and since φ

is invariant under translation by elements of G, we have h(xQ+T ) = 0 for any
Q ∈ G. Therefore

(x+ xQ+T ) | h(x) for all Q ∈ G .

We want to show that

(x+ xQ1+T )(x+ xQ2+T ) | h(x) for all Q1 ̸= Q2 ∈ G ,

which then implies that ∏
Q∈G

(x+ xQ+T ) | h(x) .

If xQ1+T ≠ xQ2+T then the claim is straightforward. If xQ1+T = xQ2+T , then
either Q1+T = Q2+T or Q1+T = −(Q2+T ), so Q1+T = −(Q2+T ) because
Q1 ̸= Q2. Now, since Q1 and Q2 are kernel elements:

[2]φ(T ) = φ(Q1 + T ) + φ(Q2 + T ) = φ(Q1 + T )− φ(Q1 + T ) = 0E′ .

Setting T ′ = φ(T ), we have T ′ ∈ E ′[2], and T ′ ̸= 0E because T /∈ G. Hence, T ′ is
the non-trivial 2-torsion point on E′, so a′1xT ′ + a′3 = 0.

Looking at (20), we have φ′
x(xQ1+T ) = 0 because φ(Q1 + T ) = T ′. Finally,

because h(x) = v(x)v(xT )(φx(x) + φx(xT )), we recover h′(xQ1+T ) = 0, and thus

(x+ xQ1+T )
2 = (x+ xQ1+T )(x+ xQ2+T ) | h(x) .
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Because deg v < degw = #G, we must have

h(x) = α0

∏
Q∈G

(x+ xQ+T )

for some α0 ̸= 0 in F∗
2m . Because φx(x) =

h(x)
v(x)v(xT ) + φx(xT ), we get the result

with α = α0

v(xT ) ∈ F∗
2m . ⊓⊔

Note that the constant α is rational when T ∈ E(F2m). This product formula is
the one we will rely on in the sequel.

Remark 6. Theorem 2 gives no information on the function ψx. This is because
the term relating ψx and φx in Eq. (19) vanishes in characteristic 2 (thus reducing
to Eq. (20), which is what we use in the proof of Theorem 2). Nonetheless, ψx(x)
satisfies a degree 2 polynomial equation, but it is harder to derive [12, Ex. 9.7.6,
Sol. p. 613]. We work on the level of Kummer lines in our applications, so we do
not need an expression for ψx in any case.

7 Applications

We now apply Theorem 2 to our models. Starting from an ordinary curve E , we
know that it is isomorphic to E0 or E1, hence we write it as

E : y2 + xy = x(x2 + ax+ b2)

where b ̸= 0 and a is either 0 or ε from Definition 1, such that E ≃ ETr a. The
2-torsion point is T = (0, 0). Suppose we have a subgroup G ⊂ E of odd prime
order ℓ; we want to compute the x-map φx of an isogeny φ : E → E ′ with kernel
G, along with the codomain E ′.

Since ℓ is odd, φ preserves 2- and 4-torsion structures; in particular, we can
take E ′ in the same model as E with some b′ ̸= 0 but the same a as E : that is,

E ′ : y2 + xy = x(x2 + ax+ b′2) .

7.1 Enumerating kernel x-coordinates

Given the formula from Theorem 2, we need to choose a subset S ⊂ G such that
G∗ := G \ {0} = S ⊔ (−S), and then compute the x-coordinate of each Q ∈ S.
Suppose we have a generator Q0 of G. We can take S = {[i]Q0 : 1 ≤ i ≤ s}
with s = #S = (ℓ− 1)/2. In particular, if ℓ = 3 then S = {Q0}; otherwise, we
compute (X[2]Q0

: Z[2]Q0
) = xDBL((XQ0 : ZQ0)). A first naive approach is to

compute recursively the remaining x([k]Q0) using the relation

(X[k+1]Q0
: Z[k+1]Q0

) =

xADD((X[k]Q0
: Z[k]Q0

), (XQ0
: ZQ0

), (X[k−1]Q0
: Z[k−1]Q0

))
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The total cost is 1 xDBL and s− 2 xADDs. In our binary setting, given xDBL is so
much cheaper than xADD here, this could be improved by turning half of xADDs
into xDBLs when k is even via

(X[k]Q0
: Z[k]Q0

) = xDBL((X[k/2]Q0
: Z[k/2]Q0

)).

The cost is then ⌈ s−1
2 ⌉ xDBLs and ⌊ s−1

2 ⌋ xADDs.
For many ℓ, this can be further improved using the techniques of [3, §4], which

selects different S to replace xADDs with as many xDBLs as possible. For example,
if ℓ = 13, then we can take S = {Q0, [2]Q0, [4]Q0, [8]Q0 = [−5]Q0, [16]Q0 =
[−3]Q0, [32]Q0 = [−6]Q0}, for which the x-coordinates can be computed using
5 xDBLs (instead of the 3 xDBLs and 2 xADDs suggested above). However, the
savings depend heavily on factors like the order of 2 modulo ℓ. Ultimately, the
most efficient strategy for enumerating ℓ-isogney kernel x-coordinates must be
determined on a case-by-case basis.

Finally, since we use Vélu’s formulæ to compute the codomain, normalizing
kernel points by computing xQ = XQ/ZQ for every Q ∈ S can save some
multiplications while evaluating. With twisted coordinates, it is better to compute
x̃−1
Q = Z̃Q/X̃Q. In both cases, the cost is sI, which can be reduced to (3s−3)M+1I

using Montgomery’s simultaneous inversion (see e.g. [31, Lem. 1]).

7.2 The isogeny formula

We now apply the formula from Theorem 2:

φx(x) = α(x+ xT )
[ ∏
Q∈S

x+ xQ+T

x+ xQ

]2
+ φx(xT ) .

We take T = (0, 0) as the special point: as a point of order 2, it is guaranteed
not to be in the (odd) kernel. The order-2 point T on E is mapped to the order-2
point T ′ = (0, 0) on E ′, so φx(0) = φx(xT ) = xT ′ = 0. Similarly, the points of
order 4 on E have x-coordinate b, and are mapped to the points of order 4 on
E ′, so φx(b) = b′. Finally, we already worked out the translation-by-T morphism:
xP+T = b2/xP when P ̸= 0E , T . The equation for α is then

b′ = αb
[ ∏
Q∈S

bxQ + b2

bxQ + x2Q

]2
= αb

[ ∏
Q∈S

b

xQ

]2
=⇒ α =

b′

bℓ

[ ∏
Q∈S

xQ

]2
.

The expression for φx therefore simplifies to

φx(x) =
b′

bℓ
x
[ ∏
Q∈S

xxQ + b2

x+ xQ

]2
. (21)

Therefore, computing b′ gives the codomain and the formula for φx.
It remains to express these formulæ in projective and twisted-projective

coordinates, and to count the cost of evaluating them.
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Proposition 3. Suppose E : y2 + xy = x(x2 + ax + b2) and E ′ : v2 + uv =
u(u2 + au+ b′2) are connected by an ℓ-isogeny

φ : E → E ′

with kernel G, where ℓ is an odd prime. Let s = #S = (ℓ− 1)/2.

1. On the Kummer lines, φx : P1 → P1 is defined by φx : (X : Z) 7→ (φX(X,Z) :
φZ(X,Z)) where

φX(X,Z) = b′X
[ ∏
Q∈S

(
XXQ + (bZ)(bZQ)

)]2
φZ(X,Z) = bZ

[ ∏
Q∈S

(
X(bZQ) +XQ(bZ)

)]2
.

We can compute the image of a point under φx in s(5M+ 1m0) + 2S+ 2m0,
or 5sM+ 2S+ 2m0 if we have precomputed bZQ for every Q ∈ S.

2. If we can precompute xQ :=
XQ

ZQ
for Q ∈ S, then we can replace the formulæ

above with the projectively equivalent

φX(X,Z) = b′X
[ ∏
Q∈S

(
XxQ + b(bZ)

)]2
,

φZ(X,Z) = bZ
[ ∏
Q∈S

(
bX + xQ(bZ)

)]2
,

which can be evaluated in 4sM+ 2S+ 3m0.

Proof. Starting from Eq. (21), using x = X/Z, we have

φx(x) =
b′

bℓ
X

Z

[ ∏
Q∈S

XXQ/(ZZQ) + b2

X/Z +XQ/ZQ

]2
=

1

b2s
b′X

bZ

[ ∏
Q∈S

XXQ + b2ZZQ

XZQ +XQZ

]2
.

Since ℓ = 2s+ 1, we get

φx(x) =
b′X

bZ

[ ∏
Q∈S

XXQ + b2ZZQ

X(bZQ) +XQ(bZ)

]2
.

The formulas for (φX : φZ) follow on separating numerators and denominators.
Regarding the cost:

– we compute bZ and bZQ for every Q ∈ S: (s+ 1)m0;
– each term inside the product: s(3M) (using Eq. 9);
– (s− 1) multiplications on both numerator and denominator: 2(s− 1)M;
– remaining operations outside the product (multiplication by b′, squares and

multiplication by X and Z): 2M+ 2S+ 1m0.
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Summing all of these gives the cost of the first part, whether or not we have stored
the result of bZQ. The formulæ of the second part are clearly equivalent to those of
the first, but computing XxQ+ b(bZ) and bX +xQ(bZ) requires only 2M, rather
than the 3M required to compute XXQ + (bZ)(bZQ) and X(bZQ) +XQ(bZ) in
the first part. ⊓⊔

We also get an easy analogue for the twisted coordinates (X̃ : Z̃) = (bZ : X)
resp. (b′Z : X) on the Kummer lines of E resp. E ′.

Proposition 4. Using twisted coordinates,

1. The Kummer-line map φx : P1 → P1 is defined by (X̃ : Z̃) 7→ (φ̃X : φ̃Z),
where

φ̃X(X̃, Z̃) = X̃
[ ∏
Q∈S

(
X̃QZ̃ + X̃Z̃Q

)]2
φ̃Z(X̃, Z̃) = Z̃

[ ∏
Q∈S

(
X̃X̃Q + Z̃Z̃Q

)]2
.

The image of a point under this map can be computed in 5sM+ 2S.
2. If we can precompute x̃−1

Q =
Z̃Q

X̃Q
for each Q ∈ S, then we can replace the

formulæ above with the projectively equivalent

φ̃X(X̃, Z̃) = X̃
[ ∏
Q∈S

(
Z̃ + X̃/x̃Q

)]2
,

φ̃Z(X̃, Z̃) = Z̃
[ ∏
Q∈S

(
X̃ + Z̃/x̃Q

)]2
,

which can be evaluated in 4sM+ 2S.

Proof. Replacing (X : bZ) in Proposition 3 with (Z̃ : X̃) saves computing bZ,
multiplying by b′, and precomputing the bZQ, leading to a cost of 5sM+ 2S for
the formulæ in the first part. As in the proof of Proposition 3, the formulæ of
the second part are clearly equivalent to those of the first, but we can compute
Z̃+X̃/x̃Q and X̃+Z̃/x̃Q using only 2M rather than the 3M required to compute
X̃QZ̃ + X̃Z̃Q and X̃X̃Q + Z̃Z̃Q. ⊓⊔

7.3 Computing the codomain

Consider an isogeny φ leaving E . The a-invariants of the codomain Ẽ are given
in Theorem 1, which simplify to

ã1 = 1, ã2 = a, ã3 = 0, ã4 = b2 + v, ã6 = v where v =
∑
Q∈S

xQ .

20



To get this curve into the right model, we use an isomorphism Ẽ → E ′ using the
formulæ of Proposition 1 with (u, r, s, t) = (1, 0, 0,

√
v), which yields

b′ = b+

√
v +

√
v .

Computing v is straightforward when we have normalized kernel points; then we
only need two square roots to compute the codomain. If we work with twisted
coordinates, then we can easily compute

v

b
=

∑
Q∈S

x̃−1
Q

and then recover v by multiplying by b, adding 1m0 to the computation.

8 Implementation and benchmarks

8.1 Experimental setup.

We benchmarked x-evaluation for odd-degree isogenies over F2511 , using the base
curve E detailed below. For each prime degree ℓ, we sample a kernel generator
Q0 ∈ E [ℓ], form the half-kernel set S = {Q0, [2]Q0, . . . , [

ℓ−1
2 ]Q0}, compute the

codomain curve E ′, and measure the average time to evaluate the x-map on
random inputs. Each reported timing is averaged over 50×32 evaluations (random
x-values avoiding poles). Cycle counts are collected on x86_64 using RDTSCP. All
experiments were run on a 13th Gen Intel Core i7-1365U at up to 5.20GHz; we
compiled the code with GCC 15.2.1 using -O3.2

Curve details. For the best comparison with prior work, we implemented isogeny
computations for a curve isomorphic to Ampe’s curve from [2, App. B]. We
consider the base curve

E/F2511 : y2 + xy = x3 + b2x = x(x2 + b2)

over the binary field

F2511 = F2[z]/(z
511 + z10 + 1) ,

where b is defined as follows: if b =
∑510

i=0 biz
i with each bi ∈ {0, 1}, then (in

hexadecimal)

510∑
i=0

bi2
i =

604E5E6AFF56328CF6FCDCA9AD411B2FC2A6658A6ECE6E5B604FFCDE8ED2BA6F

21397DF828D26F295F9D1C7B9FA7BDB1606B85539E0FA85C7BF6B08532582E22
.

(Ampe’s curve was presented in the form y2 + xy = x3 +A; their A is our b4.)
2 Our implementation is available in https://anonymous.4open.science/r/
submission_sac-1AC6/.
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Table 2: Average cycles for one x-evaluation in F2511 , averaged over 50× 32 calls
per ℓ.
ℓ Vélu (Thm. 1) Product (Eq. 21) Prop. 3-aff (1 inv) Prop. 3-proj (0 inv) Prop. 4-tw (0 inv)

3 10 393 169 28 879 936 10 543 881 75 216 74 440
5 19 621 248 39 783 668 10 555 526 125 393 123 124
7 32 175 389 50 871 593 10 010 506 160 394 155 171

13 60 861 058 81 195 744 10 945 638 387 269 418 586
17 79 744 703 109 133 308 10 716 132 433 497 383 877
19 93 595 902 107 405 829 10 220 777 418 651 422 548
29 139 227 239 157 480 631 10 439 875 639 577 652 875

Table 3: CRS-action timing over 8 steps, carrying 4 x-values per step. Reported
totals include kernel sampling, halfset construction, codomain computation, and
x-evaluation.
Variant Total time (ns) Time/step (ns) Total cycles Cycles/step

CRS-action (Vélu x-eval, Thm. 1) 19,747,964,797 2,468,495,599 53,082,524,644 6,635,315,580
CRS-action (Product x-eval, Eq. 21) 22,167,071,028 2,770,883,878 59,585,080,832 7,448,135,104
CRS-action (Prop. 3-aff: 1 inv) 26,082,877,836 3,260,359,729 70,110,768,710 8,763,846,088
CRS-action (Prop. 3-proj: 0 inv) 17,149,444,126 2,143,680,515 46,097,687,026 5,762,210,878
CRS-action (Prop. 4-tw: 0 inv) 19,371,518,876 2,421,439,859 52,070,637,270 6,508,829,658

The prime factorization of the group order is

#E(F2511) = 23 · 3 · 5 · 7 · 132 · 17 · 19 · 29 · 43 · 1951 · 3019 · 32587
· 3614270784143 · 1830691143712251809111
· 9231925413288736667586170656865057884957072209952988118840
· 6495002211830152604230067183104790494441 .

8.2 Results

Table 2 reports the average cost (in cycles) of evaluating ℓ-isogeny x-maps for
ℓ ∈ {3, 5, 7, 13, 17, 19, 29}. Our baseline affine product implementation is slower
than Vélu in this setting, since it performs one inversion per kernel point. In
contrast, Propositions 3 and 4 moves inversions out of the kernel loop: the “Prop. 3-
aff” variant uses a single inversion per evaluation, while the projective and twisted
variants avoid inversions entirely when outputs are carried in projective/twisted
form.

In addition to the per-ℓ x-evaluation microbenchmarks above, we report below
a higher-level benchmark that mirrors the CRS-action workflow (kernel sampling,
halfset construction, codomain computation, and x-evaluation on four carried
x-values) over 8 successive steps. The measured totals are shown in Table 3. Since
this benchmark uses the CRS-action loop (and its associated degree schedule),
its per-call timings are not meant to correspond to a single ℓ row of Table 2.

For this CRS-action benchmark, the affine product implementation runs at
0.64× the speed of Vélu (i.e., slower), while Proposition 3 yields 4.22× for affine
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outputs (one inversion), and 24.41× / 20.31× for projective / twisted outputs,
respectively (zero inversions during evaluation).

Remark 7. In our implementation, we use a straightforward, portable computa-
tion of the binary field F2511 , without architecture-specific optimizations (e.g.,
carryless-multiplication opcodes). We implement inversion with an Itoh–Tsujii
addition chain and squaring via a dedicated linear routine; nevertheless, multipli-
cation, square roots, and other linear maps are not micro-architecturally tuned.
As a result, the reported timings should be interpreted as reflecting algorithmic
differences rather than the peak performance of a fully optimized field-arithmetic
backend. Moreover, if the binary field is not fixed, which might be the case of
certain applications, the inversion with Itoh–Tsujii addition chain might not be
applicable.

9 Conclusion and perspectives

In this paper, we revisited x-only evaluation of isogenies on binary elliptic curves,
naturally focusing on odd-degree isogenies of ordinary curves (since there is only
one supersingular curve, and at most one separable isogeny of degree 2). We
obtained multiplicative formulas for isogeny x-maps, extending the approach of
Hisil–Costello and Renes to characteristic 2. Specializing to the fast binary model
E : y2+xy = x(x2+ ax+ b2) of Kohel and Pornin, we derived efficient evaluation
formulæ in projective and twisted-projective coordinates (Propositions 3 and 4)
that avoid inversions during evaluation and allow carrying Kummer points across
steps in isogeny chains. Our cost analysis improves on Vélu-style x-evaluation
in this setting. Over F2511 , microbenchmarks of our reference implementation
confirm that, when outputs are kept in projective/twisted form, the inversion-free
projective and twisted variants yield speedups over Vélu-style x-evaluation.

9.1 Binary CRS and carried points

A natural next step is to integrate our evaluation formulas into the Couveignes–
Rostovtsev–Stolbunov (CRS) group action setting [10, 30]. In CRS-style protocols,
each action by a group element is computed as a series of hundreds of isogenies
of small degree, where each step pushes forward a small set of carried points used
for kernel sampling in later steps and state propagation. Since this push-forward
stage is executed at every step, it is often performance-critical.

So far, CRS protocols have been instantiated using ordinary curves over large-
characteristic extension fields [11], and most successfully using supersingular
curves over Fp (CSIDH [8]). But even in CSIDH, the drawback remains the
relative slowness of isogeny computations and scalar multiplications, which was
a major motivation for Ampe’s study of CRS over binary fields [2].

Ampe’s results are encouraging, but they suffer from a lack of optimized
curve and isogeny arithmetic; our theoretical results fill this gap. Our microbench-
marks over F2511 indicate that avoiding inversions and carrying points in pro-
jective/twisted Kummer coordinates can provide substantial speedups in the
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CRS “push-forward” stage, although the exact cycle-level gains depend on the
efficiency of the underlying field implementation.

Proposition 3 suggests a further concrete optimization for binary CRS: rep-
resent carried points entirely in projective (or twisted) Kummer coordinates
throughout the group action computation, using our inversion-free x-only evalua-
tion formulas, and deferring dehomogenization to the end (or amortizing it via a
single batch inversion). An end-to-end implementation and benchmark of such a
“projective-carried-points” CRS walk in characteristic 2, including the interaction
with kernel normalization and codomain computation, is left for future work.
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